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742. 


ON THE TRANSFORMATION OF COORDINATES. 


[From the Proceedings of the Cambridge Philosophical Society, vol. 111. (1880), 
pp. 178—184.] 


THE formule for the transformation between two sets of oblique coordinates assume 
a very elegant form when presented in the notation of matrices. I call to mind that a 
matrix denotes a system of quantities arranged in a square form 


ee e ees ial 
| 

[aa thy, 

| a”, fe ia y” 


see my “Memoir on the Theory of Matrices,” Phil. Trans. t. CXLVII. (1858), pp. 17— 
37, [152]; moreover (a, B, yýæ, y, z) denotes az + By + yz, and so 


(a, B, y Ye,y, 2) 


ent: ee I 
a’, B", at | 
denotes 
(ax + By + yz, æ+ B'y+ yz, a"s + B'y +yz), 
and again 
(a, R, y Ja, y, 2UE n, €) denotes E(ar+By+y z) 
ee, j +9 (e+ Byt+y'z) 
oe Fe aF + (aa + By +2). 
Consequently 
( a, B gy, Ye, yY, zýé, n, f) =( a, a’, a” XE, N, ýa, Y, z). 
Ea B; E R Pe 
a’, B y” | y ? y ? y” 
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In the case of a symmetrical matrix 


Cid, ‘hoes 
HF of 
w prr 


the equal expressions 
(a, h, g Ya, y, 2860, E) =( a, h, g XE n, SK, y, 2), 
E Bek OUE 
gi Jane Po 
are also written 
(a4, b¢ fg, hie, y, aE n, C, or (a, ...WE 7, Bia, Y 2). 


In particular, if 


E N, E) = (2, Y, z), 


(a, h, g Ñz, y, z} is written (a, b, c, f, g, h¥a, y, 2}. 

i a i 

Dhe 
Two matrices are compounded together according to the law 

(a, a, a”), (B, R B) n os YD, 

T A S T E T T D P y PA : 
es Bhoy (a. 8, co) ; > 
E Sil O Og P 7 z 


then 


(a 
a tha @ 
ae’ 


; b” j e” 


viz. in the compound matrix, the top-line is 


(a, b, cha, a’, a”), (a, b, aa B’, B”), (a, b, chy, ¥, 7”), 
and the other two lines are the like functions with (a’, 0’, c’), and (a’, 6b’, c”), re- 


spectively, in the place of (a, b, c). 


The inverse matrix is the matrix the terms of which are the minors of the 
determinant formed out of the original matrix, each minor being divided by this 
determinant, viz. 


(a, B, y SEBY -BY, B’y- By’, BY-BY ), 


ET: EES i Ae iE EEE C ER EE i A | 
Ee uc aB” —a’B’, a’ B-—aB’, ap’ — aB | 
where V is the determinant 
a, Bs iF 
a Bs Y 
a’, BY" 
O XI, 18 
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Coming now to the question of transformation, write 


go ge aR ae G¥Y s&h A 
etic @ pp Pat (a at eee 

ee ee De BS; & at Q W 
a | cial a Same Oe a ea A 


A a B y’ Re Ni Yı y. | O, 
Zz; a’ 8” y” : fa Xs j! A : 


viz. the axes of æ, y, z are inclined to each other at angles the cosines whereof are 
AÀ, m, v: those of a, Jı, % are inclined to each other at angles the cosines whereof 
are M, 4a, n: and the cosines of the inclinations of the two sets of axes to each 
other are a, B, y; a, BY, y; @, B”, y”: as is more clearly indicated in the diagram, 
the top-line showing that cosine-inclinations of æ to 


a, Y, Z, Ti, Yi A; 
are 


+ AA 
1, T TE A 


respectively, and the like for the other lines of the diagram. The letters Q, Q, V, 
W are used to denote matrices, viz. as appearing by the diagram, these are 


(1, % Bh Cle m Bs e Bo) Lares 
V, F; A Vi, 1 ? A a ? fod > y B, B, B 
des VIe lies Ways a, SOR Ty P eee 


respectively. 


The coordinates (æ, y, z) and (#,, %, %) form each set a broken line extending 
from the origin to the point; hence projecting on the axes of æ, y, z and on those 
of a, Yı % respectively, we have two sets, each of three equations, which may be 


written 
(O¥z, Y, z) = (W Ya, Yi 2), 
(V ýa, Y, z)= (5%, Yis ay; 
where of course each set implies the other set. 


We have 
(£, Y, DELO Yis 2), =(V7O ha, Yis z2), 
(Cis Yis 2,)=(W7O Ye »Y,; z), =(0 Vgs, Y, z), 


the first giving in two forms (a, y, z) as linear functions of (%,, Jı, 231), and the 
second giving in two forms (a, %, 2) as linear functions of (s, y, z); comparing 
the two forms for each set, we have 


Q- W = VO, Wweo=2,7 V; 
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or, what is the same thing, 
VO W=9,, Wa >V=0, 


where in each equation the two sides are matrices which must be equal term by 
term to each other; but, the matrices being symmetrical, the equation thus gives (not 
nine but only) six equations. Writing 


(a, b, c, f, g, h)=(1=X, 1—p?, l—v*, wy—A, vA—p, Apv), 
and 


K=1-NX- p-r + 2Nyr, 
we have 


ee 
O7 = p. aay). gh 
ee 
ge Fe 


The first equation, written in the form 


Vicia hy SIWEK, 


Bi cy. 3 
ae e 
denotes the six equations 

@ b e fg h(a, B, yY =K , 
y (a, A’, YY =K , 
» (a", RNY =K , 
» @, B, Y) BY, y)=E, 
5 (" BY Yes B, y)=Em, 


? (a ? B 4 Y )(a’, loge y )= Kn. 
And, similarly, writing 


(an bi, G, fi, £1: h)=(1— 8, l- p’, l-r, rih, MA ph, Mhai — n), 


and 
Kı =1-M°-— H = n? + 2A, 
then 
1 
07 = K, ( a, h,, gi ) ; 
h,, b,, f 
8i» 1, Gy | 


and the second equation, written in the form 

W(a, bh, 9 )V=K,0; 
be Be 
mi, ff G 


18—2 
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denotes the six equations 


(a, Di, Ci, fi, 21> h, Qa > a’ ? a” y = 2 5 
” (B, B, By = Les 
” (y, Y, yF = 1 ? 


7 (8, BY PAY, Y, Y)=KM, 
» (y, Y y” ğa ? a ? a” = Kin, 
” (a > al ’ a” YB, ae 8”) = Ky, 


The two sets each of six equations are, in fact, equivalent to a single set of six 
equations, and serve to express the. relations between the nine cosines 


(a; 8, 9) Gy Beg) a Bae ): 


and the cosines (A, mw, v) and (A, 4a, nı) Observe that the nine cosines are not 
(as in the rectangular transformation) the coefficients of transformation between the 
two sets of coordinates. 


From the original linear relations between the coordinates, multiplying the 
equations of the first set by æ, y, z and adding, and again multiplying the equations 
of the second set by (a, yı, %) and adding, we have 


(Q Ge, Y, zy=(W Oa, Yi a0e, Y, z), 
(1.54, h a) = (V Ua, ¥, 20m, Mi, 21): 


(W a, Yis abe, y ? z) 


(V Ge, Y, 294, Yis 2) 


denote one and the same function; hence 


(O Qa, Y, A = (Q, ýt, Yis 2)", 


But 


and 


that is, 
Cl, Ape oe, y, 2) = (1,1, 1, Ay py Vj QL, Hh, e) 


or the linear relations between (s, y, z) and (a, yı, 2) are such as to transform 
one of these quadric functions into the other: the two quadrics, in fact, denote the 
squared distance from the origin expressed in terms of the coordinates (æ, y, z) and 
(a, Yı, %) respectively. 


Since the nine cosines are connected by six equations, there should exist values 
containing three arbitrary constants, and satisfying these equations identically: but, 
by what just precedes, it appears that the problem of determining these values is, in 
fact, that of finding the linear transformation between two given quadric functions: 
the problem of the linear transformation of a quadric function into itself has an 
elegant solution; but it would seem that this is not the case for the transformation 
between two different functions, 
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The foregoing equation 
K =(a, bne f, g, ha, B y, 


is a relation between à, pw, v, the cosines of the sides of a spherical triangle, and 
(a, 8, y) the cosines of the distances of a point P from the three vertices: it can 
be at once verified by means of the relation A+B+C=27, and thence 


1 — cos? A — cos? B — cos? (+ 2 cos A cos B cos C= 0, 


which connects the angles A, B, C which the sides subtend at P. Writing a, b, c 
for >, w, v, and f, g: h for a, B, y, the relation is : 
1-@-B-¢ + 2abe= (1 -— a) f? + (1-b) g++ (1 ee) h 
+ 2 (bc—a)gh+ 2 (ca —b)hf+ 2 (ab — c) fg, 
viz. this is 
l- œb- e-f- g — hk + 2abe + 2agh + Dhf + 2fy 
— vf? — bg? — eh + 2begh + 2cahf + 2abfg = 0; 
where (a, b, c, f, g, k) are the cosines of the sides of a spherical quadrangle ; 


(a, b, c), (a, h, g), (h, b, f), (g, f, c) belong respectively to sides forming a triangle, and 
the remaining sides (f, g, h), (b, c, f), (c, a, g), (a, b, h) are sides meeting in a vertex. 


The equation 
Ky, =(a, b, c, f, g, hýa, B, y)(a’, F, 7’) 


is a relation between A, u, v, the cosines of the sides of a spherical triangle; a, 8, y, the 
cosines of the distances of a point P from the three vertices; a’, 8’, y’, the cosines of 
the distances of a point Q from the three vertices; and »,, the cosine of the distance 


PQ. 
Drawing a figure, it is at once seen that 


Py = aa’ + V1 —@ vI — a”? cos (8 = 0), 


where 
we i B— av 
OSY Te NT = 
and therefore 
: VV 
sin 6 = 


V1 —@V1—p?’ 
also 
Bp’ — arv 


cos 0’ = ———— =, 
VI =a? V1 —7? 


sin 8 = EIN —— 
V1 ia f V1 y? ; 
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the values of V, V’ being 

V =1- æ — E — r+ 2aBy, 

V'=1-—a?— 8—1 +W PT; 
the resulting value of v, is therefore 


n = aa’ + esi ((B— ah PB’ -a'v) +VVV". 


v? 
The equations 
K=(a, b, ¢, f, g bga 8, yy, EEEa 

give 

(ga + f8 +cyP=KV, 

(ga’ + £0’ +ey Y =KV': 
and we therefore have 

(ga + f8 + cy{ga’ + {8 + cy) =KVVV’; 


recollecting that 1—v?=c, the formula thus is 
vy, = aa’ + 2 G —avý B’ — av) + s (ga + f8 +ceyğga + fB + oy) $ 
or say, 
Kv, = Kad +} {K (8 — av! — a'v) + (ga + f8%ga’ +18')} + g (ay + a'y) +E (By +BY) tery. 
The sum of the first and second terms is readily found to be 


=aaa + b8B’ +h (a8 +f); 


and the equation thus becomes 


Ky, = (a, b, C, f g, hýa, B, yha’, ie y’), 
as it should do. 
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